RedOx-based magnetohydrodynamic ͑MHD͒ flows in three-dimensional microfluidic channels are investigated theoretically with a coupled mathematical model consisting of the Nernst-Planck equations for the concentrations of ionic species, the local electroneutrality condition for the electric potential, and the Navier-Stokes equations for the flow field. A potential difference is externally applied across two planar electrodes positioned along the opposing walls of a microchannel that is filled with a dilute RedOx electrolyte solution, and a Faradaic current transmitted through the solution results. The entire device is positioned under a magnetic field which can be provided by either a permanent magnet or an electromagnet. The interaction between the current density and the magnetic field induces Lorentz forces, which can be used to pump and/or stir fluids for microfluidic applications. The induced currents and flow rates in three-dimensional ͑3D͒ planar channels obtained from the full 3D model are compared with the experimental data obtained from the literature and those obtained from our previous two-dimensional mathematical model. A closed form approximation for the average velocity ͑flow rate͒ in 3D planar microchannels is derived and validated by comparing its predictions with the results obtained from the full 3D model and the experimental data obtained from the literature. The closed form approximation can be used to optimize the dimensions of the channel and to determine the magnitudes and polarities of the prescribed currents in MHD networks so as to achieve the desired flow patterns and flow rates.
I. INTRODUCTION
Lab-on-a-chip ͑LOC͒ is a minute chemical processing plant, where common laboratory procedures ranging from filtration and mixing to separation and detection are done in the palm of the hand. This technology has the potential of revolutionizing various bioanalytical applications. The interconnected networks of microchannels and reservoirs with tiny volumes of reagents are well matched with the demands for small volume, low cost, rapid response, massive parallel analyses, automation, and minimal cross-contamination that characterize many applications in biotechnology. Fluid manipulation such as fluid propulsion and mixing is one of the central problems facing the designer of such LOC devices.
In recent years, various means for propelling the fluid in networks of microchannels have been proposed, such as pressure-driven flow, electrokinetically driven flow ͑electro-osmosis, electrophoresis, and dielectrophoresis͒, surface tension driven flow, centrifugally driven flow, buoyancy-driven flow, and magnetohydrodynamics ͑MHD͒ flow, to quote only a few of them. Relative to other methods for manipulating fluids for various microfluidic applications, the MHD-based LOC devices can be operated at very low voltages and with no moving parts. In addition, MHD propulsion is one of the few methods that allow pumping of weakly conductive liquids such as buffer solutions along a closed loop, thereby forming a conduit with an "infinite length." Up to now, various MHD micropumps 1-13 and stirrers [14] [15] [16] [17] [18] [19] operating under either AC or DC electric fields have been designed, modeled, constructed, and tested for various applications. The use of AC electric fields usually induces inductive eddy current with significant energy dissipation and heating. By using DC fields, the serious heating problems resulting from the induced eddy currents can be solved. However, two problems that have hindered the practical application of DC MHD microfluidics are short electrode lifetime and bubble generation due to electrolysis. The introduction of RedOx species into the liquid is a potential solution to the problems associated with the DC MHD microfluidics. [20] [21] [22] [23] [24] [25] [26] RedOx-based DC MHD has several benefits. For example, the electric potential applied across the electrodes can be very low ͑several mV to ϳ1 V͒, which eliminates the bubble generation problem. In addition, the electrode lifetime is longer because electrode a͒ Author to whom correspondence should be addressed. Electronic mail: shizhi.qian@unlv.edu oxidation does not occur in the presence of the electroactive RedOx species. There are a large number of factors that affect the operation and performance of RedOx-based MHD devices: the concentrations of the electroactive and supporting electrolyte, the type of the RedOx species, the aspect ratio of the microchannel's cross section, the configuration of the electrodes, the externally applied electric potential or electric current, and the strength of the magnetic field. To achieve the desired flow rates and flow patterns in the RedOx-based MHD microfluidics, theoretical analysis of RedOx-based MHD flow in two-dimensional ͑2D͒ planar conduits has been conducted. 23 In the current study, we extend the theoretical analysis of 2D to three-dimensional ͑3D͒ microchannels, which are more close to the practical applications.
The rest of the paper is organized as follows. Section II introduces the mathematical model for the conjugate problem of MHD flow, electron transfer, and ionic mass transport of both electroactive and inert species. Section III describes the code validation by comparing our numerical predictions with a few special cases reported in the literature. Section IV provides the resulting current and flow rate as functions of the applied potential difference, bulk concentration of the RedOx electrolyte, and the magnetic flux density. When the electric currents instead of the potential differences are prescribed in 3D planar microconduits with rectangular cross sections, a closed form approximate model is derived. The results obtained from the models are compared with experimental data obtained from the literature. Section V concludes.
II. MATHEMATICAL MODEL
In this section, we introduce a full 3D mathematical model consisting of the Navier-Stokes equations for the fluid motion, the Nernst-Planck equations for the concentrations of both the electroactive and inert species, and the local electroneutrality condition for the electric potential in the electrolyte solution. This model accounts for the quasireversible oxidation and reduction reactions at the electrodes' surfaces and the convection induced by the Lorentz force through the interaction between the Faradaic current and the external magnetic field that can be provided by either a permanent magnet or an electromagnet.
Let us consider a planar microchannel with a rectangular cross section connecting two identical reservoirs on either side. In the current analysis, we neglect the effects of the two reservoirs on the fluid motion and the ionic mass transport within the microchannel. The length, width, and height of the microchannel are, respectively, L, W, and H. We use a Cartesian coordinate system with its origin positioned at one of the channel's corners. The coordinates x, y, and z are aligned, respectively, along the conduit's length, width, and depth ͑0 ഛ x ഛ L, 0ഛ y ഛ W, and 0 ഛ z ഛ H͒. Two planar electrodes of length L E and height H are deposited along the opposing walls with the leading edge located at a distance L 1 downstream of the conduit's entrance ͑L 1 ഛ x ഛ L 1 + L E , 0 ഛ z ഛ H, y = 0 and W, respectively͒. The portions of the conduit's walls that are not coated with electrodes are made of dielectric material. Figure 1 schematically depicts the three-dimensional, planar microchannel with two electrodes deposited along the opposing walls. The conduit is filled with a dilute quasireversible RedOx electrolyte solution such as the mixture of K 4 ͓Fe͑CN͒ 6 ͔ and K 3 ͓Fe͑CN͒ 6 ͔. Different from our previous analysis of the 2D RedOx-based MHD flows in which the height of the channel is assumed to be much larger than its width ͑i.e., H ӷ W͒, the current analysis has no assumption made concerning the aspect ratio H / W. Generally, MHD microfluidic devices have microchannels with a height of the same order of its width. Therefore, the current analysis is more close to the practical applications.
When a potential difference, ⌬V, is applied across the two electrodes deposited along the opposing walls, a current density J transmitted through the electrolyte solution results. Hereafter, bold letters denote vectors. We assume that the entire device is positioned under a magnetic field with a uniform magnetic flux density B = Be z directed in the z direction. Here, e z is a unit vector in the z direction. The interaction between the current density J and the magnetic field B induces a Lorentz force of density F L = J ϫ B = J y Be x − J x Be y +0e z , which can be used to manipulate fluids. In the above expression, J x and J y are, respectively, the x and y component current densities; e x and e y are, respectively, the unit vectors in the x and y directions.
A. The mathematical model for the fluid motion
We assume that the electrolyte solution is incompressible. Under steady state, the flow driven by both the Lorentz force and the pressure gradient is described with the continuity and Navier-Stokes equations:
and FIG. 1. Schematics of a three-dimensional, planar microchannel equipped with two electrodes positioned along the opposing walls. The channel is filled with a dilute RedOx electrolyte solution and subjected to a uniform magnetic flux density B. A potential difference ⌬V is applied across the electrodes resulting in a current density J transmits through the electrolyte solution. The interaction between the current density and the magnetic field induces Lorentz forces which pump the fluid from one end of the channel to the other. 
In the above, p is the pressure; and denote, respectively, the electrolyte solution's density and dynamic viscosity; u = ue x + ve y + we z is the fluid's velocity in which u, v, and w are, respectively, the velocity components in the x, y, and z directions; and F L is the induced Lorentz force in the electrolyte solution, F L = J ϫ B = J y Be x − J x Be y +0e z . In the current work, we neglect ͑i͒ the natural convection induced by the density variations due to the electrochemical reactions on the surfaces of the electrodes, 27 ͑ii͒ the paramagnetic forces induced by the concentration gradients of the paramagnetic species, 28 and ͑iii͒ the induced magnetic field due to small Reynolds numbers of the MHD flows in microchannels.
Witness that the equations ͑1͒ and ͑2͒ in both 2D and 3D are the same in the vector form, but the components of the equations in 3D are different from those in 2D. For example, the Navier-Stokes equations ͑2͒ have two component equations in 2D, one for the x-component velocity, and the other for the y-component velocity. However, the momentum equations ͑2͒ have three component equations for u, v, and w, respectively, in three-dimensional space. Except for the difference on the governing equations, the boundary conditions in 3D are also different from those in 2D. For example, the boundary conditions on the planes z = 0 and z = H are required in the 3D case. In contrast to the previous analysis of 2D RedOx-based MHD flows, 23 the current analysis focuses on 3D RedOx-based MHD flows.
In order to solve Eqs. ͑1͒ and ͑2͒, appropriate boundary conditions are required. A nonslip boundary condition is specified at the solid walls of the microchannel: u͑x,0,z͒ = u͑x,W,z͒ = 0, ͑3͒ u͑x,y,0͒ = u͑x,y,H͒ = 0. ͑4͒
In other words, all the velocity components along the solid walls of the microchannel are zero. Normal pressure boundary conditions are used at the entrance ͑x =0͒ and exit ͑x = L͒ of the microchannel:
where t is the unit vector tangent to the planes x =0 in ͑6͒ and x = L in ͑8͒. The externally applied pressure gradient is ⌬p / L with ⌬p = P 1 − P 2 . In the absence of the externally applied pressure gradient across the microchannel, P 1 = P 2 =0. To numerically solve the flow field from Eq. ͑1͒ and the set of the equations ͑2͒ subjected to the boundary conditions ͑3͒-͑8͒, the spatial distribution of the current density, J = J x e x + J y e y + J z e z , within the electrolyte solution is required, and is developed in the next section.
B. The model for multi-ion mass transport
In this section, we present a more general multi-ion mass transport model, which includes the Nernst-Planck equation for the concentration of each ionic species and the local electroneutrality condition for the electric potential in the solution. In comparison to the previous analysis in twodimensional space in which the height of the channel is assumed to be much larger than its width ͑i.e., H ӷ W͒ and the ionic mass transport phenomenon is predominantly twodimensional, the effects of the bottom ͑z =0͒ and top ͑z = H͒ dielectric walls on the ionic mass transport are taken into account in the current 3D analysis.
We assume that the electrolyte solution contains K dissolved ionic species ͑k =1, ... ,K͒. The flux density of each aqueous species due to convection, diffusion, and migration is given by
In the above, c k is the molar concentration; D k is the diffusion coefficient; z k is the valence; and m k is the mobility of the kth ionic species. The fluid velocity u is determined from the model for the fluid motion described in Sec. II A; F is Faraday's constant ͑F = 96484.6 C / mol͒; and V is the electric potential in the electrolyte solution. According to the NernstEinstein relation, the mobility of the kth ionic species is
with R the universal gas constant and T the absolute temperature of the electrolyte solution.
Under steady state, the concentration of each ionic species is governed by the following Nernst-Planck equation:
In the above, N kx , N ky , and N kz are, respectively, the x, y, and z components of the flux density of the kth species. The set of the equations ͑11͒ consist of ͑K +1͒ unknown variables: the concentrations of K ionic species and the electric potential V in the electrolyte solution. The local electroneutrality condition provides the ͑K +1͒ equation:
In Eq. ͑12͒, we neglect the electrical double layers formed in the vicinity of the electrodes since the width of the microconduit is much larger than the thickness of the electrical double layer. The current density J in the electrolyte solution due to convection, diffusion, and migration is given by
The Nernst-Planck equations ͑11͒ and the local electroneutrality condition ͑12͒ constitute a well-understood and widely accepted approximation for electrochemical transport phenomenon. In order to numerically solve them, appropriate boundary conditions for the concentration of each ionic species and the electric potential in the electrolyte solution are required.
Since the walls of the microchannel are impervious to inert species ͑no electrochemical reactions occur for that species͒, the net ionic fluxes of the inert species such as the ions K + normal to the walls of the microchannel are zero:
for the inert species k on all solid walls. In the above, n is the unit vector normal to the corresponding surface. Similarly, the net flux densities of the electroactive species such as ͓Fe͑CN͒ 6 ͔ 3− and ͓Fe͑CN͒ 6 ͔ 4− normal to the dielectric walls where no electrochemical reactions occur are also zero:
for the electroactive species k on dielectric walls. On the surface of the electrodes deposited along the opposing walls
z ഛ H, y = 0 and W͒, oxidation and reduction reactions occur, respectively, at the surfaces of the anode and cathode:
When the RedOx solution is a mixture of K 4 ͓Fe͑CN͒ 6 ͔ and K 3 ͓Fe͑CN͒ 6 ͔, the species Ox and Red in the above electrochemical reaction correspond, respectively, to the ions ͓Fe͑CN͒ 6 ͔ 3− and ͓Fe͑CN͒ 6 ͔ 4− , and the number of electrons exchanged in the electrochemical reaction ͑16͒ is n = 1. Usually, the Butler-Volmer equation is used to describe the kinetics of the electrochemical reaction: 29, 30 
where c Ox and c Red are, respectively, the concentrations of the electroactive species Ox and Red that are involved in the electrochemical reaction ͑16͒ at the edge of the electric double layer; ␣ is the charge transfer coefficient for the cathodic reaction, usually ranging from 0.0 to 1.0; n represents the number of electrons exchanged in the reaction; k 0 is the reaction rate constant; and = ͭ ͑U an − V͒, along the surface of anode,
where U an and U ca are, respectively, the externally imposed potential on the anode and cathode, and ⌬V = U an − U ca represents the potential difference applied across the opposing electrodes. Notice that the first and second terms in the righthand side of expression ͑17͒ represent, respectively, the forward and backward reaction rates which depend on the concentrations of the reactive species at the electrode's surface ͑i.e., c Ox and c Red ͒ and on , the electric potential drop across the electric double layer formed next to the electrode. At the inlet cross section ͑x =0͒ of the microchannel, we assume that the concentration of each species is determined from the bulk concentration of the electrolyte solution in the left reservoir:
and obeys the electroneutrality condition ͚ k=1 K z k c k0 =0. At the exit cross section of the microchannel ͑x = L͒, the transport of all species is dominated by the convective flux due to sufficiently large Péclet numbers in the MHD flows:
Similarly, appropriate boundary conditions for the electric potential are also required prior to solving the coupled partial differential equations ͑11͒ and the algebraic equation ͑12͒. At the inlet and exit cross sections of the microchannel, we assume that the x component electric field is zero:
Along the dielectric walls of the channel, the electric fields normal to the walls are zero:
Along the surfaces of the electrodes, note that the potentials of the electrolyte immediately adjacent to the electric double layers are different from the potentials applied on the anode and cathode, and there is a potential drop across the electric double layer. Using expressions ͑13͒, ͑17͒, and ͑18͒, the potentials of the electrolyte at the edge of the electric double layers adjacent to the anode and cathode can be implicitly calculated from
Witness that the models for the fluid motion and the ionic mass transport are strongly coupled. The flow field affects the mass transport due to the contribution of the convective flux in expression ͑9͒. On the other hand, the ionic mass transport affects the current density J, which, in turn, affects the flow field through the Lorentz force J ϫ B. Therefore, one has to simultaneously solve the full 3D mathematical model which consists of the continuity and Navier-Stokes equations ͑1͒ and ͑2͒, the set of the Nernst-Planck equations ͑11͒, and the local electroneutrality condition ͑12͒ for the flow field, the ionic species' concentrations, and the potential of the electrolyte solution.
III. SOLVER VALIDATION
To numerically solve the strongly coupled threedimensional system, we used the commercial finite element package COMSOL ͑version 3.3, www.femlab.com͒ operating with a 64 bit dual-processor workstation of 32 GB RAM ͑www.polywell.com͒. The 3D computational domain was discretized into quadratic triangular elements. We employed nonuniform elements with a larger number of elements next to the inlet and outlet cross sections, as well as along the surfaces of the electrodes where the electrochemical reactions occur. We compared the solutions obtained for different mesh sizes to ensure that the numerical solutions are convergent, independent of the size of the finite elements, and satisfy the various conservation laws. To verify the code, we compared the numerical predictions with solutions available in the literature for special cases such as an electrochemical reactor with known flow field and the two-dimensional RedOx-based MHD flow in the presence of abundant supporting electrolyte under limiting current conditions. We simulated the 2D parallel-plate electrochemical reactor ͑PPER͒ described in Georgiadou. 32 The PPER geometry is similar to the configuration depicted in Fig. 1 when H ӷ W. The computational domain consists of an upstream region, a downstream region, and the region between two parallel electrodes positioned along the opposing walls ͑Fig. 1͒. In contrast to the MHD problem, in the PPER reactor, a parabolic flow field is specified. In other words, one only needs to solve the Nernst-Planck equations ͑11͒ using the prescribed velocity profile and Eq. ͑12͒. Our results are in excellent agreement with the finite difference results of Georgiadou. 32 Recently, we derived an analytical solution of the 2D RedOx-based MHD flow in the presence of abundant supporting electrolyte under the limiting current conditions using the boundary layer theory. 23 Our numerical solution favorably agrees with the analytical solution mentioned above ͑results are not shown here͒.
We also solved the full mathematical model with the commercial computational fluid dynamics software FLUENT ͑www.Fluent.com͒ using the finite volume method and the obtained results favorably agree with those obtained from the software COMSOL using the finite element method ͑results are not shown here͒. The good agreement of our computational results with the results obtained with different computational techniques as well as other comparisons with specialized solutions for the RedOx-based MHD flow give us confidence in our computational results.
IV. RESULTS AND DISCUSSION
We first simulated the RedOx-based MHD flow in a 3D planar microchannel of 18 mm in length, 330 m in width, and 670 m in depth. The aspect ratio H / W is about 2, under which the 2D approximation is not appropriate and we have to model the flow field and mass transport in 3D. The electrodes cover the entire side walls of the microchannel ͑i.e., L 1 = 0, and L E = L. The RedOx electrolyte solution is a mixture of K 4 ͓Fe͑CN͒ 6 ͔ and K 3 ͓Fe͑CN͒ 6 ͔ in the absence of a supporting electrolyte. The simulation conditions are the same as those used in the experiments conducted by Aguilar et al. 25 The electrolyte solution contains three ionic species K + , Fe͑CN͒ 6 3− , and Fe͑CN͒ 6 4− with charges z 1 =1, z 2 = −3, and z 3 = −4, respectively. The diffusion coefficients at room temperature of the species K + , Fe͑CN͒ 6 3− , and Fe͑CN͒ 6 4− are, respectively, 1.957ϫ 10 −9 m 2 / s, 0.896ϫ 10 −9 m 2 / s, and 0.735 ϫ 10 −9 m 2 /s. 33 For the electrochemical reaction, Fe͑CN͒ 6 3− + e − ⇔ Fe͑CN͒ 6 4− , the reaction rate constant and the charge transfer coefficient are, respectively, k 0 Ϸ 1.0ϫ 10 −3 m/s and ␣ Ϸ 0.5. 34 Since the ferricyanide and ferrocyanide system has a very high reaction rate constant, the obtained results are not sensitive to the values of k 0 and ␣. Since the RedOx electrolyte solution is very dilute, the density and dynamic viscosity of the RedOx electrolyte solution are assumed to be the same as those of water ͑ ϳ 1000 kg/ m 3 and ϳ 10 −3 Pa s͒. In all our computations, the temperature T = 298 K, and the bulk concentrations of both K 4 ͓Fe͑CN͒ 6 ͔ and K 3 ͓Fe͑CN͒ 6 ͔ in the left reservoir are taken to be equal. We also assume that there is no externally applied pressure difference between the conduit's inlet and exit ͑i.e., P 1 = P 2 ͒.
The steady flow field and ionic concentration field under various potential differences ͑⌬V͒, bulk concentrations of the RedOx couple in the left reservoir ͑C 0 ͒, and magnetic flux densities ͑B͒ are obtained by simultaneously solving the coupled full 3D mathematical model described in Sec. II. Here we present the results of our numerical computations and compare them with the experimental data obtained by Aguilar et al. 25 Figure 2 depicts the steady-state current transmitted through the electrolyte solution as a function of the externally applied potential difference ⌬V across the electrodes in the absence ͑B =0͒ and presence ͑B = 0.44 T͒ of a magnetic field when the inlet bulk concentrations of K 4 ͓͑Fe͑CN͒ 6 ͔ and K 3 ͓͑Fe͑CN͒ 6 ͔ are C 0 = 0.25 M. In other words, the effects of the magnetic field on the resulting current are studied for two different magnetic flux densities, one at B = 0 and the other at B = 0.44 T under different potential differences. The circles ͑b͒ and triangles ͑᭡͒ represent, respectively, the experimental data obtained from Aguilar et al. 25 for B = 0 and B = 0.44 T. The dash-dotted and solid lines in Fig. 2 represent, respectively, the currents obtained from the 3D model at B = 0 and B = 0.44 T. The dashed and dotted lines represent, respectively, the predicted currents from the 2D model at B = 0 and B = 0.44 T with the assumption of H ӷ W. The current nonlinearly increases with the applied potential difference, and the theoretical predictions of the 3D model qualitatively agree with the experimental data. The discrepancies between the theoretical predictions and the experimental data may be due to the differences between the actual and assumed diffusion coefficients of the electroactive species. In the presence of a magnetic field, the interaction between the current density and the magnetic field induces a Lorenz force which pumps the fluid from the 
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The induced fluid motion reduces the thicknesses of the concentration boundary layers formed next to the surfaces of the electrodes which, in turn, leads to an increase in the concentration gradient and current density along the surfaces of the electrodes. Consequently, the total current in the presence of a magnetic field is higher than that in the absence of a magnetic field in which there is no fluid motion. However, the effects of the magnetic field on the resulting current are not very significant under the above conditions. As expected, the currents obtained from the 2D model are higher than those obtained from the 3D model since the effects of the boundaries z =0 and z = H on the fluid motion and the ionic mass transport are neglected in the 2D case. The 2D approximation is valid only when the aspect ratio H / W ӷ 1, and is not appropriate for the experimental microchannel with the aspect ratio H / W Ϸ 2.
Comparing to the resulting currents obtained from the 2D model, the currents obtained from the 3D model are closer to the experimental data.
In most regions of the planar microchannel, the current density J is directed nearly normal to the electrodes' surfaces, and the induced Lorentz force J ϫ B is thus directed along the x direction. Consequently, the velocity components in the y and z directions are at least two orders of magnitude lower than the velocity component in the x direction. The x component velocity is nearly independent of the coordinate x, and its profile looks like a paraboloid ͑results are not shown here͒. Since the induced Lorentz force is a body force, the induced MHD flow is similar to a fully developed pressure-driven flow in a three-dimensional microchannel. The x-component velocity can be approximated with that of a fully developed duct flow with a rectangular cross section: 35 u͑y,z͒ = 48Ū
where a = W /2, b = H / 2, and Ū is the average velocity. The above approximation of the MHD flow with a fully developed pressure-driven Poiseuille flow has been used by many groups over years. 4, 6, 13, 26 By substituting the velocity profile ͑24͒ into the x-component momentum equation and integrating that equation in the entire domain, the average velocity ͑flow rate͒ in terms of a series form can be obtained. 4, 6, 13, 26 However, the obtained expression for the average velocity ͑flow rate͒ in terms of a series solution is not always practical for applications such as the inverse problems including the optimization of the channel's dimensions and the determination of the currents or voltages needed to achieve the desired flow rates and flow patterns in MHD microfluidic networks. 5, 6 Therefore, we derive a closed form approximation for the average velocity ͑flow rate͒ which will be useful for solving the inverse problems in MHD networks.
The velocity profile ͑24͒ can be approximated with the following closed form approximation with an error less than 1%: 
͑27͒
Equation ͑27͒ represents a balance between the pressure force, the viscous force, and the Lorentz force. Substituting ͑25͒ into ͑27͒, and taking volume integration of Eq. ͑27͒, the average velocity becomes
In the above, ⌬p = P 1 − P 2 ; G 1 = ‫ץ‬Ū / ‫ץ‬I and G 2 = ‫ץ‬Ū / ‫⌬ץ‬p are, respectively, the electrical and hydraulic transport coefficients. As compared to the expression for the average velocity ͑flow rate͒ in terms of a series solution, the obtained closed form approximation ͑28͒ will be more practical to compute the flow rates in MHD networks and to solve the control ͑inverse͒ problem of determining the magnitudes and polarities of the applied currents of individually controlled branches in the MHD networks so as to achieve the desired flow patterns and flow rates. 5, 6 In the absence of the pressure difference between the conduit's inlet and exit ͑i.e., P 1 = P 2 ͒, the average velocity is
Using the predefined velocity profile ͑25͒ instead of the series solution ͑24͒, one can easily simplify the coupled full mathematical model without solving the continuity and Navier-Stokes equations. In the 3D approximation model, one only needs to solve the mass transport equations ͑11͒ and ͑12͒ to determine the concentration field and the current density. Subsequently, the total current I can be obtained by integrating the current density along the surface of the anode. The average velocity and velocity profile can then be obtained from the expressions ͑28͒ and ͑25͒, respectively. Next, we compare the average velocities obtained from the 2D model, the full 3D model, and the 3D approximation model with the experimental data obtained from the literature. Figure 3 depicts the average velocity Ū as a function of the applied potential difference for various bulk concentrations of the RedOx electrolyte when B = 0.44 T. The triangles ͑᭡͒ and circles ͑b͒ represent the experimental data obtained from Aguilar et al. 25 for the RedOx concentrations C 0 = 0.1 M and C 0 = 0.25 M, respectively. The solid, dashed, and dash-dotted lines in Fig. 3 represent, respectively, the predictions obtained from the full 3D mathematical model, the 3D approximation model using the velocity profile ͑25͒ and the expression ͑28͒, and the full 2D mathematical model. The predictions obtained from the full 3D mathematical model ͑solid lines͒ and from the 3D approximation model ͑dashed lines͒ are in good agreement. The average velocity increases nonlinearly with the potential difference. This behavior is attributed to the nonlinear relationship between the current and the applied potential difference as depicted in Fig. 2 since the average velocity is proportional to the current as shown in the closed form approximation ͑29͒. The predictions obtained from the full 3D mathematical model and from the 3D approximation model overpredict the experimental data, especially for the case with a higher bulk concentration ͑C 0 = 0.25 M͒. The experiments were conducted by tracing a dye placed on one end of the channel ͑i.e., x =0͒ which then was observed on the other end of the channel ͑i.e., x = L͒ after a certain time interval ⌬t. The average velocity is estimated as the ratio L / ⌬t. We would suspect that the measured velocities would appear to be slower than they really are because the dye can be seen on the exit reservoir only when its concentration is sufficiently high enough. The average velocities obtained from the 2D model ͑dash-dotted lines͒ are higher than those obtained from the 3D models due to the neglect of the boundary effects arising from the bottom ͑z =0͒ and top ͑z = H͒ walls in the 2D case. As compared to the deviations between the experimental data and the average velocities obtained from the 3D model, larger deviations between the experimental data and the average velocities predicted from the 2D model are obtained.
The closed form approximation is validated by comparing its predictions with the experimental data obtained from the literature. Figure 4 depicts the maximum velocity, U max , as a function of the current for C 0 = 0.1 M ͑dashed line and circles͒ and 0.25 M ͑solid line and triangles͒ nitrobenzene ͑NB͒ species in a planar conduit of 18 mm in length, 270 m in width, and 640 m in height when the magnetic flux density B = 0.41 T. Using the measured currents from the experiments, we estimated the average velocity Ū with the closed form approximation ͑29͒ in the absence of the externally applied pressure gradient. According to the expression ͑25͒, the maximum velocity is U max = ͓͑m +1͒͑n +1͒/mn͔Ū . The lines and symbols in Fig. 4 represent, respectively, the predictions of the closed form approximation ͑29͒ and the experimental data obtained from Arumugam et al. 26 The predictions qualitatively agree with the experimental observations. The deviation between the solid and dashed lines is basically due to the difference in the dynamic viscosities of 0.1 and 0. 
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Modeling RedOx-based magnetohydrodynamics Phys. Fluids 19, 083604 ͑2007͒ of the closed form approximation ͑29͒ and the experimental data obtained from Ho. 13 The predictions from the closed form approximation agree with the experimental data when the current is low. The deviation between the prediction and the experimental data increases as the current increases. In the experiments, since there is no RedOx species present in the solution, there are significant bubble formations under high current conditions. The formed bubbles slow down the fluid motion which explains our predictions are higher than the experimental data when the current is high. Figure 6 depicts the flow rate as a function of the width of the channel for a saline solution when B = 0.02 T, L = 80 mm, H = 7 mm, and the current I = 0.7 A. The line and symbols represent, respectively, the predictions of the closed form approximation ͑29͒ and the experimental data obtained from Ho, 13 and they are in agreement. Therefore, when the currents are prescribed in the experiments, one can estimate the average velocity of the MHD flow with the closed form approximation ͑28͒, which shows that the average velocity is linearly proportional to the magnetic flux density B and the current I, and is inversely proportional to the viscosity of the RedOx electrolyte solution. When the potential difference, ⌬V, instead of the current is prescribed, the closed form approximation ͑28͒ is still valid. However, one first needs to obtain the relationship between the resulting current ͑I͒ and the externally applied potential difference ͑⌬V͒. Unfortunately, the resulting current depends on many factors such as the configurations of the channel and the electrodes, the characteristics of the electrolyte solution, and the applied voltage. So far, the relationship between them is still not available.
The closed form approximation ͑28͒ can also be used to optimize the channel's dimensions and to determine the currents needed to achieve the desired flow patterns and flow rates in complex MHD networks. Figure 7 depicts the average velocity as functions of the height and width of the conduit when its length L = 18 mm, the magnetic flux density B = 0.44 T, the current I = 0.15 mA, and ⌬p = 0. When the channel is very shallow, the average velocity increases with the width of the channel. This, however, is not true for a wider channel. Once the width exceeds a certain value, the average velocity peaks and then declines with the increase in the channel's width. For a deep channel, the average velocity increases with the width of the channel. When the area of the cross section in the y-z plane and the length of the channel are fixed, there are optimal values for the height and width of the channel under which the flow rate is the maximum. Using the closed form approximation ͑29͒ when ⌬p = 0, the optimal height of the channel derived from dŪ / dH =0 is governed by the solution of the following equation:
where A is the area of the cross section in the y-z plane of the channel. The optimal width of the channel is then W = A / H. Figure 8 depicts the flow rate Q = Ū A, as a function of the height of the channel when the cross-sectional area A = 0.2211 mm 2 , and all other conditions are the same as those in Fig. 7 . The predefined cross-sectional area and length are the same as those of the channel used in the experiments by Aguilar et al. 25 When the channel is shallow, the flow rate increases as the height increases. When the height of the channel is larger than a threshold value, the flow rate reaches the maximum and then declines with the height. The maximum flow rate occurs in a channel with H Ϸ 410 m, which corresponds to the solution of Eq. ͑30͒.
To further validate the 3D approximation model using the velocity profile ͑25͒, Figure 9 depicts the resulting current as a function of the applied potential difference across the two opposing electrodes for the RedOx species K 4 ͓Fe͑CN͒ 6 ͔ and K 3 ͓Fe͑CN͒ 6 ͔ with concentrations C 0 = 0.05, 0.1, and 0.25 M. The lines and symbols represent, respectively, the solutions of the full 3D mathematical model and the 3D approximation model using the predefined velocity profile ͑25͒ without solving the continuity and NavierStokes equations. The other conditions are the same as those in Fig. 2 . The results from both models are in good agreement, which makes us more confident in applying the 3D approximation model. The resulting current increases as the closed form approximation ͑29͒. It is clearly shown that resulting average velocity Ū is linearly proportional to the resulting current I for various concentrations of the RedOx species and different applied voltages. The predictions obtained from the full 3D mathematical model ͑symbols in Fig.  10͒ agree favorably with those obtained from the closed form approximation ͑solid line͒. Since the average velocity or flow rate is proportional to the resulting current, the average velocity or flow rate reaches the maximum under the limiting current condition under which the concentrations of the Ox ions at the surface of the cathode and the Red ions at the surface of the anode equal zero, and the resulting current does not change with the externally applied voltage. As U an =−U ca = ⌬V / 2 and ⌬V → ϱ, the current tends to the limiting current with c Red = 0 at the surface of the anode and c Ox = 0 on the surface of the cathode. The limit current provides the upper bound on the average velocity ͑flow rate͒ of the MHD flow. In the numerical simulations, we chose ⌬V = 2 V under which the conditions c Red = 0 on the anode and c Ox = 0 on the cathode were satisfied, and the resulting currents correspond to the limiting currents. Figure 11 26 Figure 12 depicts the maximum average velocity corresponding to the limiting current condition as a function of the bulk concentration of the RedOx species. The lines and symbols in Fig. 12 represent, respectively, the predictions obtained from the full 3D mathematical model and from the closed form approximation ͑29͒ using the obtained resulting current as depicted in Fig. 11 . Once again, the predictions from the closed form approximation agree well with those obtained from the full 3D mathematical model. Due to the linear relationship between the average velocity and the resulting current whose limiting value is linearly proportional to the bulk concentration of the RedOx species, the maximum average velocity Ū max is also linearly proportional to the bulk concentration of the RedOx species present in the electrolyte solution. The results imply that one can enhance the flow by using higher concentration of the RedOx species. However, the presence of concentrated RedOx species may damage some targets such as DNA and enzyme present in some biological applications.
Finally, to shed light on the effect of the magnetic flux density B on the limiting current ͑I limiting ͒, Fig. 13 the RedOx species with concentrations C 0 = 0.05 M ͑dotted line͒, 0.1 M ͑dashed line͒, and 0.25 M ͑solid line͒. When the concentration of the RedOx species is low, the limiting current is nearly independent of the magnetic flux density. As the concentration of the RedOx species increases, so does the effect of the magnetic flux density on the limiting current. For higher concentration of the RedOx species, the limiting current increases nearly linearly with the magnetic flux density. As the magnetic flux density increases, the induced MHD flow increases, the thicknesses of the concentration boundary layers next to the electrodes decrease. Consequently, the current density and the total current increase. Figure 14 depicts the maximum average velocity corresponding to the limiting current condition as a function of the magnetic flux density under various concentrations of the RedOx species. The conditions are the same as those in Fig.  13 . According to the expression ͑29͒, the effect of the magnetic flux density on the average velocity is due to the combined effects of B on the current and B itself. For low concentration of the RedOx species, since the effect of the magnetic flux density on the limiting current is insignificant ͑Fig. 13͒, the average velocity under the limiting current condition linearly increases as the magnetic flux density increases. For higher concentration of the RedOx species, the effects of the magnetic flux density on the limiting current also come into play. The theoretical predictions from the full 3D mathematical model ͑lines͒ agree well with the predictions obtained from the closed form approximation ͑sym-bols͒ using the obtained limiting current as depicted in Fig. 13 .
V. CONCLUSIONS
We introduced a full 3D mathematical model consisting of the coupled Nernst-Planck equations for the concentration fields of the ionic species in solution, the generalized ButlerVolmer equation for the electron transfer, and the NavierStokes equations for the flow field to investigate the performance of RedOx-based MHD microfluidic devices under various operating conditions. The model presented here will be useful for the design and optimization of RedOx-based MHD microfluidic devices. Moreover, the model allows one to test rapidly and inexpensively the effects of various parameters and operating conditions on the device's performances. The major conclusions are:
͑i͒
The resulting current transmitted through the electrolyte solution increases nonlinearly with the externally applied potential difference. The theoretical predictions obtained from the 3D mathematical model agree with the experimental data obtained from the literature. However, the 2D model overpredicts the current and the average velocity ͑flow rate͒ since the effects of the top and bottom dielectric walls on the flow and mass transport have not been taken into account. ͑ii͒
In planar microconduits, a 3D approximation model was introduced where the velocity profile is approximated by that of a fully developed duct flow with a rectangular cross section. Upon doing so, one only needs to solve the Nernst-Planck and the local electroneutrality equations without solving the continuity and Navier-Stokes equations. The results obtained from the full 3D model and from the 3D approximation model are in excellent agreement. ͑iii͒ A closed form approximation for the average velocity ͑flow rate͒ was derived in terms of the current, applied pressure difference, the strength of the magnetic flux density, viscosity of the fluid, and the dimensions of the channel. The average velocities obtained from the full 3D model, the 3D approximation model, and the closed form approximation are in good agreement and qualitatively agree with the experimental observations obtained from the literature. The closed form approximation can be used to optimize the dimensions of the channel and to solve the control ͑inverse͒ problems in MHD networks so as to achieve the desired flow patterns and flow rates. ͑iv͒ The average velocity ͑flow rate͒ linearly increases with the increase in the current for different concen- trations of the RedOx species, various magnetic flux densities, and dimensions of the channel. ͑v͒
The limiting current and the average velocity ͑flow rate͒ under the limiting current condition linearly increase with the concentration of the RedOx species under various magnetic flux densities. ͑vi͒ When the concentration of RedOx species is low, the effects of the magnetic flux density on the limiting current are negligible. For higher concentration of the RedOx species, the limiting current increases with the magnetic flux density. Under the limiting current condition, the average velocity ͑flow rate͒ almost linearly increases with the magnetic flux density under various concentrations of the RedOx species.
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